Abstract. In this paper, the free vibration of the thick annular sector plate on Pasternak foundation with general boundary conditions is presented by using the three-dimensional elasticity theory and the improved Fourier series method. The displacements of the thick annular sector plate are expanded to be the three-dimensional (3-D) Fourier cosine series supplemented with several auxiliary functions to eliminate all the relevant discontinuities of the displacements and their derivatives at the edges with general boundary conditions. This method can be universally applied to any kinds of classical boundaries, elastic boundaries and the combinations of both boundaries without any special change in the solution procedure. The excellent accuracy and reliability of the current solutions are demonstrated by numerical examples and comparison of the present results with those available in the literature. Furthermore, numerous new results for thick annular sector plates on Pasternak foundation with general elastic restrains are presented. In addition, comprehensive studies on the effects of the elastic restraint parameters, geometric parameters and elastic foundation coefficients are also reported.
Introduction
Annular sector plates have wide applications in various engineering constructions as one of structure elements, such as aircraft, space vehicles and structures in military industries. However, the annular sector plate structures are often exposed to severe vibration conditions. Therefore, it's of particular importance to have a good understanding of the vibration characteristics for the thick annular sector plate in the predesign process of the annular sector plate structures. So far, a huge amount of research efforts has been made on the vibration of sector plates by using different methods and plate theories. Ramakris and Kunukkasseril [1] presented a closed-form analytical solution to analyze the free vibration of an annular sector plate with simply supported radial edges. Irie et al. [2] performed the free vibration of ring-shaped polar-orthotropic sector plate with the classical boundary condition by using the Ritz method. Westmann [3] presented an exact and approximate method for free vibration of sector plates with clamped and simply supported boundary conditions. Wang et al. [4] extended the differential quadrature method to analyze the free vibration of thin sector plates with various sector angles and six combinations of classical boundary conditions. Aghdam et al. [5] studied the free vibration analysis of annular sector plates for the clamped support boundary condition by using the extended Kantorovich method. Harik et al. [6] used the finite-strip method to study the free vibration of sector plates with classical boundary conditions. Seok and Tiersten [7] discussed the free vibration of cantilevered annular sector plates by using the variational approximation procedure. Swaminadham et al. [8] compared the natural frequencies of annular sector plates obtained from the finite element method and the experiment. Li et al. [9] used the curve strip Fourier p-element method to study the free vibration of circular and annular sectorial thin plates with classical boundary conditions. The free vibration of annular sector thin plates with classical boundary conditions was studied by Mukhopadhyay [10, 11] and Srinivasan [12] respectively using the semi-analytical method and the integral equation technique. Shi et al. [13] applied the Rayleigh-Ritz method and the improved Fourier series technique to investigate the free vibration of circular, annular and sector thin plate with general boundary conditions. Kim and Dickinson [14] used one-dimensional (1-D) orthogonal polynomials and Liew and Lam [15] adopted two-dimensional (2-D) orthogonal polynomials as the admissible functions to study the free vibration of annular sector plates by the Rayleigh-Ritz method. Ramaiah and Vijayakumar [16] studied the free vibration of annular sector plates with simply supported radial edges by the combination of the Rayleigh-Ritz method and the coordinate transformation. Mizusawa [17] used the spline finite element to analyze the free vibration of annular sector plates with classical boundary condition. Houmat [18] applied the hierarchical finite element method to study the free vibration of annular sector plates. Mirtalaie and Hajabasi [19] performed free vibration analysis of thin functionally graded thin annular sector plates with classical boundary conditions by the differential quadrature method. Liew and Liu [20] studied the free vibration analysis of moderately thick annular sector plates with classical boundary conditions by the differential quadrature method based on the first-order shear deformation theory. Vaidyanathan et al. [21] applied the Rayleigh-Ritz method to study the static analysis of the annular sector mindlin plate. Mizusawa [22] used the finite element method to study the natural frequencies of thick annular sector plates. Leissa et al. [23] considered the effect of stress singularities on the vibration analysis of thick annular sector plates and presented the corner functions to improve the convergence of the numerical solutions. Xiang et al. [24] applied the Ritz method to study the free vibration of thick annular sector plates. Employing the Ritz method and three-dimensional elastic theory, Liew et al. [25] tackled the vibration problem of thick annular sector plates under various classical boundary conditions. Zhou et al. [26] presented the Chebyshev-Ritz method to analyze the three-dimensional free vibration of annular sector plates under various classical boundary conditions.
According to the literature review mentioned above, most of studies on the problem mentioned in the title are usually based on the classical plate theory and the first-order shear deformation plate theory. The results obtained from the three-dimensional elastic theory are very limited. In addition, it is observed that the existing methods or techniques are only suitable for a particular type of classical boundary conditions, i.e., simply-supported supports, clamped boundaries and free edges, which usually leads to constant modifications of the solution procedures and corresponding computation codes to adapt the different boundary cases. Moreover, to the best of our knowledge, there is no work reported on the free vibration behavior of thick annular sector plates on Pasternak foundation with general boundary conditions based on the three-dimensional elastic theory. The only work available in the open literature is that Bhattacharya and Bhowmic [27] used an approximate solution to study the bending analysis of an annular thin sector plate under the free boundary condition and resting on a Winkler-type elastic foundation based on the classical plate theory. Thus, it is desirable to develop a unified and efficient method which is capable of dealing with more complicated boundary conditions involving arbitrary classical boundaries, elastic edge restraints and the combinations of both conditions and structures resting on a Pasternak foundation.
Recently, a modified Fourier series technique proposed by Li [28, 29] is widely used in the vibration analysis of plates and shells with general boundary conditions by the Ritz method, e.g. [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Based on this, the authors apply the modified Fourier series technique together with the Rayleigh-Ritz method to provide a new three-dimensional exact solution for the free vibration of thick annular sector plates on the Pasternak foundation with general boundary conditions in this paper. The three-dimensional elastic theory is adopted to formulate the theoretical model. The general boundary conditions of the annular sector plate are achieved by the technique of applying the artificial springs on the boundaries. Regardless of the boundary conditions, each displacement of the annular sector plate is expressed as an improved Fourier series which is constructed by a three-dimensional (3-D) Fourier cosine series and several auxiliary functions employed to ensure and accelerate the convergence of the series expansions. All the unknown expanded coefficients are treated equally and independently as the generalized coordinates and obtained directly by using the Rayleigh-Ritz method. The good convergence of the present method is checked and the excellent accuracy and reliability are validated compared with the results presented by other contributors. Some new results of thick annular sector plates with elastic boundary conditions and resting on the elastic foundation are presented, which may serve as benchmark solution for future computational methods. In addition, the effects of the boundary conditions, geometric parameters and elastic foundation coefficients on vibration behaviors of the thick annular sector plate are also presented.
Theoretical formulations

Preliminaries
Consider a thick annular sector plate with uniform thickness ℎ, inner radius , outer radius , width ( = − ) of plate in the radial direction and sector angle , as shown in Fig. 1 . A coordinate system ( , , ) is also shown in the Fig. 1 , which will be used in the analysis. , and denote the displacement components in , and directions. According to the small deformation and linear strain-displacement relations, the strain components of thick annular sector plates can be expressed as:
Based on the Hooke's law, the corresponding stress-strain relations of the thick annular sector plates can be written as:
where:
in which and are the Young's modulus and Poisson's ratio of the thick annular sector plates.
The boundary conditions for a generally supported thick sector plate can be expressed as the following forms based on the force equilibrium relationship on the four edges:
in which means the restraining stiffness of the three groups of liner springs along the boundary edges, of which the superscripts and subscripts indicate the type of springs and the location of the corresponding springs, respectively. For example, is the stiffness for the liner boundary springs in direction along the edge = .
Solution procedure
The strain energy ( ) of the thick annular sector plate during vibration can be define as:
Substituting Eqs. (1)- (2) into Eq. (5), the strain energy expression of the thick annular sector plate can be written as follows:
The corresponding kinetic energy ( ) function of the thick annular sector plate can be given as:
where is the density of the plate and donates time. The potential energy stored in the boundary springs is given as:
As mentioned previously, this paper is focused on vibration analysis of the annular sector plate resting on the elastic foundation. As illustrated in Fig. 1 , the elastic foundation is achieved by applying the two-parameter elastic foundation (Pasternak) mode with Winkler layer (stiffness ) and Shear layer (stiffness ). Therefore, the total energy stored by the foundation springs can be given by:
To determine the solutions, the Rayleigh-Ritz method is employed. The energy function defined by Lagrangian function is as:
In the Rayleigh-Ritz method, the solutions can be obtained by minimizing the energy function with respect to the coefficients of the admissible functions. So how to choose the proper admissible functions is the core of present method, for it acts as the most important factor in determining the accuracy and stability of the Rayleigh-Ritz method. It is expected that the displacement functions can be expressed in the form of Fourier series expansions because Fourier functions is of a complete set and exhibits good numerical stability. However, the conventional Fourier series expression generally have a convergence problem along the boundary edges except for a few simple boundary conditions. Thus, if not uniformly convergent, the derivatives of a Fourier series cannot be obtained simply through term-by-term differentiations. To overcome these problems, the displacement function will be here expressed as a more robust form of Fourier series expansion:
( , , , ) = cos cos cos
( , , , ) = cos cos cos 
, are the supplemented coefficients of the auxiliary functions. As mentioned before, introducing these supplementary terms into the Fourier series is to remove any potential discontinuities of the original displacements and their derivatives throughout the entire plate structure including the boundaries and then to effectively enhance the convergence of the results. According to the three-dimensional elasticity theory, it is required that at least two-order derivatives of the three displacement functions exist and are continuous at any point on the annular sector plates. It can be proven mathematically that the series expansion given in Eqs. (11)- (13) is able to expand and uniformly converge to any function Ξ( , , ) ∈ for : ( 0, × 0, × 0, ℎ ). Also, the series can be easily differentiated, through term-by-term, to obtain uniformly convergent series expansions for up to the second-order derivatives. Since the series expression has to be truncated numerically, the proposed solution should be treated as a solution with arbitrary precision. In actual calculations, we truncate the infinite series expression to , , to obtain the results with acceptable accuracy.
Substituting Eqs. (6)- (9) and (11)- (13) into Eq. (10) and performing the Rayleigh-Ritz procedure with respect to each unknown coefficient, the equation of motion for plates can be yielded and is given in the matrix form:
where is the vector of the unknown coefficients. and are the generalized stiffness and mass matrices of the thick sector plate, respectively. Obviously, the frequencies (or eigenvalues) of thick annular sector plate can be readily obtained by solving the Eq. (14) and by substituting the corresponding eigenvectors into series representations of displacement components the mode shapes are acquired then.
Numerical results and discussion
3.1. Convergence and boundary spring study Table 1 shows the first six non-dimensional frequency parameters Ω = ( ℎ ⁄ ) ⁄ ( = ℎ 12(1 − ) ⁄ ) of the simply supported thick annular sector plate with different truncation numbers × × . The geometry parameters of the annular sector plate are given as: ⁄ = 0.4, ℎ ⁄ = 1/6, = 90°. From Table 1 , it is obvious that the current method has an excellent convergence, and is sufficiently accurate even when only a small number of terms are included in the series expression. When the truncated numbers are changed from 12×12×7 to 18×18×8, the maximum difference of the frequency parameters is within 0.1 % for the worst case, which can be accepted. Furthermore, by comparing the results with those published by Zhou et al. [26] , we can find a very good agreement between the two results, although different displacement admissible functions and solution procedures were used in the literature. Moreover, more accurate results may be obtained by more truncated numbers, but the computational cost will increase meanwhile. Therefore, for the sake of both accuracy and computational cost, the truncated number of the displacement expressions will be uniformly selected as × × = 12×12×7 in the following numerical examples. Fig . 2 shows the variation of the lowest three frequency parameters ΔΩ versus the elastic boundary restraint parameters Γ for thick annular sector plates. The elastic boundary restraint parameters Γ = Log ( ⁄ ) ( = , and ) are defined as ratios of corresponding spring stiffness to reference bending stiffness . In addition, a frequency parameter ΔΩ which is defined as the difference of the non-dimensional frequency parameter Ω to those of the elastic boundary restraint parameters Γ ( , , ) to 10 
Thick annular sector plate with various boundary conditions
In the convergence study, the verification of the present method has been presented in the Table 1 . But, it is confined to only one case of the boundary conditions and geometrical parameters. Thus, in this sub-section, the present formulations are applied to study the free vibration of thick sectors with various boundary conditions and geometrical parameters. In Table 2 , the comparison of the frequency parameters Ω for annular sector plates with different boundary conditions is presented. The geometry parameters of the annular sector plates are given as: ⁄ = 0.4, = 90°, ℎ ⁄ = 1/3. Exact 3-D elasticity results provided by Liew et al. [25] and Zhou et al. [26] are involved in the comparison. In addition, the numerical results produced from the ABAQUS based on the FEA method (mesh size:0.02×0.02×0.02) are also shown in Table 2 . From the table, we can see that there is a good agreement between the present results and the referential data. The discrepancy is very small and does not exceed 1.79 % for the worst case. The small discrepancy may be attributed to the different solution approaches used. As mentioned before, the mode shapes of the thick annular sector plates can be easily obtained by substituting the corresponding eigenvectors into series representations of displacement components. The comparison of the mode shapes of the thick annular sector plates using the present method and ABAQUS based on FEM is shown in Fig. 3 . From the figure, it can be seen that the agreement of the results between these two methods is very good. As mentioned previously, most of the existing contributions were restricted to the annular sector plate subjected to a limited set of classical supports. Thus, numerous new results of thick annular sector plates with various boundary conditions and geometry parameters are presented in Table 3 . From the Table 3 , it is obvious that the frequency parameters of annular sector plates generally decrease with the sector angle increasing under the classical boundary conditions. However, for the case under the elastic boundary condition, the influence of sector angles on the frequency parameters of annular sector plates becomes more complex. Fig. 4 shows the variation of the first four frequency parameters Ω of the annular sector plate against the sector angle with different boundary conditions. It can be seen from Fig. 4 condition, the frequency parameters increase rapidly as the sector angle varies from 0° to 30° and then decrease monotonously as the sector angle keeps increasing. But for the rest of the boundary conditions, the frequency parameters monotonously decrease as the sector angle increases. Thus, according to the analysis above, the fundamental frequencies of thick annular sector plate are strongly influenced by boundary conditions and geometry parameters. 
Thick annular sector plate resting on Pasternak foundations
Firstly, the accessibility of applying the present method to study the vibration analysis of thick annular sector plates resting on elastic foundations need checking. The frequency parameters Ω for the thick annular sector plates with Winkler foundation stiffness are listed in Table 4 . The results obtained from ABAQUS based on the FEA method (mesh size:0.02×0.02×0.02) are tabulated in the table for comparison. The geometry parameters of the annular sector plates are: ⁄ = 0.5, = 90°, ℎ ⁄ = 0.5. For general purpose, the non-dimensional foundation parameters are used for numerical results as follows: = × ⁄ and = × ⁄ . In Table 4 , the Winkler foundation stiffness is set as 10, 100 and 1000. From the table a consistent agreement of present results and referential data is clear. The discrepancy is very small and doesn't exceed 0.62 % for the worst case. In addition, the table shows that the increasing of Winkler foundation stiffness contributes to the increase of frequencies of the sector plate.
As mentioned before, the results of the thick annular sector plate resting on Winkler/Pasternak foundation are limited in the published literature. Thus, the authors will present some new results of thick sector plates resting on the Winkler/Pasternak foundation with various boundary conditions and foundation coefficients using the present method in the next example. These results can be served as the benchmark solutions for future computational methods in this field. The fundamental frequency parameters Ω for thick annular sector plates with different boundary conditions and elastic foundation coefficients are shown in Table 5 . From the tables, it is obvious that the variation of the coefficients has significant effect on frequency parameters of the sector plate. Besides, it also can be found that for the same elastic foundations coefficients, the variation scope of the frequency parameter Ω of the annular sector plate ℎ ⁄ is different with different thickness ratios. In order to further study the influence of foundation coefficients on vibration characteristics of the thick annular sector plate, the variation of the lowest three frequency parameters ΔΩ versus the Winkler foundation stiffness and shearing layer stiffness for thick sector plate is presented in Fig. 5 . It can be easily observed that regardless of the boundary condition and geometric parameters of the sector plate, there exists a range of the elastic foundation coefficients in which the frequency parameter Ω increases while the elastic foundation parameter increases and out of which frequency parameter Ω nearly does not change while the elastic foundation parameter keeps increasing. In addition, the influence scope of the frequency parameters of the sector plate expands obviously as the thickness ratio ℎ ⁄ of the annular sector plate decreases. Based on the above analysis, the influence of the elastic foundation coefficients on vibration characteristic is mainly determined by the boundary conditions and geometric parameters. 
Conclusions
In this paper, based on the three-dimensional elasticity theory, the free vibration characteristics of thick annular sector plate with general boundary conditions resting on elastic foundation are presented. Regardless of the boundary conditions, each of the annular sector plate displacements is constructed in the form of a standard Fourier cosine series supplemented with several auxiliary functions introduced to eliminate all the possible discontinuities of the original displacement function and its derivatives throughout the entire plate space including the boundaries at the edges and to accelerate the convergence of series representation. The excellent accuracy and reliability of the current solutions are demonstrated by numerical examples and the comparison with the results available in the literature and obtained by using the FEA method. Besides, numerous new results for thick annular sector plates on the Pasternak foundation with elastic boundary conditions are presented. The effects of elastic boundary restraint parameters, boundary conditions, foundation coefficients and sector angles on the frequency values are examined and discussed in detail. The following conclusions can be drawn: 1) For the thick annular sector plate with classical boundary conditions, there is a good agreement between the frequency parameters obtained by the present method and the published results. The results show that the present method is able to converge rapidly and owns high reliability and accuracy.
2) The vibration characteristics of the thick annular sector plates are related to not only the boundary conditions but also their self-properties. In addition, the influence of the elastic foundation coefficients on vibration characteristics is mainly determined by the boundary conditions and geometric parameters.
3) Compared with most of the existing computational methods, the present method can be universally applied to a variety of boundary conditions including all the classical cases, elastic restraints and the combinations of both conditions without the need of change in the solution procedure. Numerous new free vibration results for thick annular sector plates with different geometric parameters and elastic restraints are presented.
